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Abstract. Static single assignment (SSA) form is the intermediate rep-
resentation of choice in modern optimizing compilers for which no formal
semantics has been stated yet. To prove such compilers correct, a formal
semantics of SSA representations is necessary. In this paper, we show
that abstract state machines (ASMs) are able to capture the imperative
as well as the data flow-driven and therefore non-deterministic aspects
of SSA representations in a simple and elegant way. Furthermore, we
demonstrate that correctness of code generation can be verified based on
this ASM semantics by proving the correctness of a simple code genera-
tion algorithm.

1 Introduction

Because static single assignment (SSA) representations allow for the explicit
representation of data flow as well as control flow dependencies, they are the
preferred intermediate representation in modern optimizing compilers. Optimiza-
tions in compilers are typically the most error-prone parts, cf. e.g. [New01]. Such
errors can only be eliminated if the applied optimizations are verified. To prove
them correct, we first of all need a formal semantics of the employed intermediate
representation. In this paper, we state a formal semantics for SSA representa-
tions. We require it to capture the imperative nature of SSA representations as
well as their non-deterministic data flow driven character equally well. Further-
more, it should be applicable in correctness proofs for optimizing compilers.
Our semantics for SSA representations is formalized as an abstract state ma-
chine (ASM) [Gur95]. Each state during computation characterizes the current
basic block. We capture the imperative, state-based part of SSA computations by
transition rules which transfer control flow from one basic block to its successor
basic block. Within basic blocks, SSA computations are purely data flow driven.
We model these computations by transition rules which are non-deterministic in
the sense that at a given point during the run of the ASM, more than one rule
might be applicable. Our specification of SSA semantics is well-suited to prove
the correctness of code generation algorithms. In this paper, we prove the cor-
rectness of a relatively simple machine code generation algorithm. Thereby we
prove that a generated deterministic machine program preserves the data flow
dependencies of the source SSA program by showing that the sequence of ap-
plied transition rules during the execution of the machine program corresponds



to one possible sequence of transition rules in the non-deterministic SSA seman-
tics. Furthermore, we point out how this proof can be extended to capture also
more complex optimization strategies during code generation.

This paper is structured as follows: First we introduce SSA representations
in section 2. Then we describe how ASMs are typically used in the specification
of the formal semantics of programming languages, cf. section 3. Afterwards,
in section 4, we state our formal semantics for SSA representations based on
ASMs. In section 5, we demonstrate that this formal semantics is a well-suited
basis for correctness proofs of optimizing compilers. We complete this paper with
a discussion of related work in section 6 and the conclusions in section 7.

2 SSA Intermediate Representations

Static single assignment (SSA) form has become the preferred intermediate pro-
gram representation for handling all kinds of program analyses and optimizing
program transformations prior to code generation [CFRT91]. Its main merits
comprise the explicit representation of def-use-chains and, based on them, the
ease by which further dataflow information can be derived.

By definition SSA-form requires that
a program and in particular each basic
block! is represented as a directed graph
of elementary operations (jump/branch,
memory read/write, arithmetic opera-
tions on data) such that each ”variable”
\2 is assigned exactly once in the program

\‘ text. Only references to such variables

Example Program:
a=a+2; if (...) {a:=a+2;} b:=a+2;

may appear as operands in operations.

Thus, an operand explicitly indicates the
/ data dependency to its point of origin.

The directed graph of an SSA-represen-
e tation is an overlay of the control flow
and the data flow graph of the program.
A control node may depend on a value
which forces control to conditionally fol-

) !
low a selected path. Each basic block has
T

one or more such control nodes as its

predecessor. At entry to a basic block,
W) control flow F ¢ nodes, x = ¢(x1,...,2,), represent
—» dataflow ‘ the unique value assigned to variable x.

This value is a selection among the values
Z1,...,%y Where x; represents the value
Fig. 1. SSA Representation of x defined on the control path through
the i-th predecessor of the basic block. n

o

1 A program is divided into basic blocks by determining maximal sequences of instruc-
tions that can be entered only at their first and exited from their last instruction.



is the number of predecessors of the basic block. Programs can easily be trans-
formed into SSA representation, cf. [Muc97], e.g. during a tree walk through the
attributed syntax tree. The standard transformation algorithm subscripts each
variable. At join points, ¢ nodes sort out multiple assignments to a variable
which correspond to different control flows through the program.

As example, figure 1 shows the SSA representation for the program fragment:

a := a+2; if(..) { a := a+2; } b := a+2;
In the first basic block, the constant 2 is added to a. Then the cond node passes
control flow to the ‘then’ or to the ‘next’ block, depending on the result of
the comparison. In the ‘then’ block, the constant 2 is added to the result of
the previous add node. In the ‘next’ block, the ¢ node chooses which reachable
definition of variable ‘a’ to use, the one before the if statement or the one of the
‘then’ block. The names of variables do not appear in the SSA form. Since each
variable is assigned statically only once, variables are identified with their value.

SSA representations describe imperative, i.e. state-based computations. A
virtual machine for SSA representations starts execution with the first basic
block of a given program. After execution of the current basic block, control
flow is transferred to the uniquely defined subsequent basic block. Hence, the
current state is characterized by the current basic block and by the outcomes of
the operations contained in the previously executed basic blocks.

Memory accesses need special treatment. In the functional store approach
[Ste95], memory read/write nodes may be considered as accesses to fields of a
global state variable memory. A memory write access modifies this global vari-
able memory and requires that the outcome of this write operation yields a new
(subscripted) version of the memory variable. These duplications of the memory
variable are the reason for inefficiencies in practical data flow analyses. As a so-
lution, one might try to determine which memory accesses address overlapping
memory areas and thus are truly dependent on each other and which address
independent parts with no data dependencies. For the purpose pursued in this
paper, these considerations are irrelevant. It is our goal to define a formal se-
mantics for SSA representations. The same semantic description can be used for
accesses to only a single as well as for accesses to several independent memories.

3 Abstract State Machines (ASMs)

ASMs [Gur95] are a general computation model to describe all kinds of com-
putations as e.g. programming languages, hardware architectures, distributed
systems, or real-time protocols. Especially for programming languages, many
specifications of existing languages exist (e.g. C [GH93], C++ [Wal95], Java
[SSBO01], and SDL [EGGPO00]). In this section, we summarize ASMs with respect
to this particular use in the specification of programming languages.

3.1 Semantics of Programming Languages

The semantics of programming languages is in general compositional. Given a
program in form of its abstract syntax tree, the semantics of each node can be



defined directly given its immediate successors. Nevertheless, certain constructs
in programming languages exhibit a semantics which is inherently not compo-
sitional. E.g., goto-statements may leave a program part and go to some other
place which cannot be described via the predecessor or successor relation in ab-
stract syntax trees. ASM semantics is able to describe such non-compositional
semantics. Therefore, continuations are defined. They describe where to pro-
ceed with the computation. If the control flow branches at a node, then several
such continuations are defined, each describing the succeeding computation de-
pending on the branch direction. The abstract syntax tree together with these
continuations is the basis to define the semantics of programming languages.
SSA representations define the control flow by explicitly specifying the con-
tinuations, i.e. the control flow from one basic block to its successor basic block.
Hence, ASMs are a well-suited framework to define a formal SSA semantics, cf.
section 4, because they can utilize the explicitly stated continuations directly.

3.2 ASM Semantics for Programming Languages

Abstract state machines describe the semantics of programming languages op-
erationally as state transition systems based on the abstract syntax trees of
programs. Part of the current state is the current task, a pointer to the node in
the abstract syntax tree currently executed. During program execution, states
are transformed into new states, thereby also updating the pointer to the cur-
rent task. States are regarded as algebras over a given signature. Each n-ary
function symbol is interpreted with an n-ary mapping. During a state transi-
tion, the interpretation Z of some of the function symbols may change. E.g., if
a function symbol S specifies the state of memory, then a variable assignment
x:=v changes the interpretation Z(S) of the function symbol S for argument x:
Z(S(x)) := Z(v) holds in the new state. In general, an ASM consists of four
components (X' U A, A, Init, Trans): The signature is composed of two disjoint
sorted signatures, the signature of the static functions X and the signature of
the dynamic functions A. A is the static algebra, an order-sorted X-algebra in-
terpreting the function symbols in Y. Init is a set of equations over A defining
the initial states of A. Trans is a set of transition rules for specifying the state
transitions by defining or updating, resp., the interpretations of certain function
values of functions in A. A (YUA)-algebra is a state of the ASM iff its restriction
to X' is the static algebra A. If ¢ is a state, f € A is a function symbol, and t; are
terms over X' U A with interpretations z; in ¢, then update f(t1, ...,t,) := to
defines the new interpretation of f in the succeeding state ¢’ as

/ _J=o ifforalli,0<i<n,qkE=t =
¢ Ffla,.omn) = {fq(xl,...,xn) otherwise

A transition rule defines a set of updates which are executed in parallel:
if Cond then Update, ... Update,, fi
If ¢ = Cond = true in state ¢, then Update, ... Update,, are executed in gq.



When defining the semantics of programming languages, the abstract syntax
tree is used as basis and meaning is attached to it. Thereby, it is assumed that
the abstract syntax tree contains attributes defining all continuations, especially
for the non-compositional changes of the control flow. The definition of the ASM
models the program counter during program execution, thereby using the con-
tinuation attributes which might be split up according to the value of conditions
(true case and false case). Here is the example of a transition rule defining the
semantics of the while-loop, as stated in [GZ99]. CT (CT = current task) is the
abstract program counter, CT.TT (true task) is the true-continuation attribute
of CT and CT.FT (false task) is the false-continuation attribute of CT.

if CT € While then
if value(CT.cond) = true then CT := CT.TT
else CT :=CT.FT fifi

The semantics of each program node is described by a finite set of transition
rules. Typically the condition of such a transition rule specifies the nodes in the
abstract syntax tree (While-nodes in our example) for which the transition rule
is applicable. The transition rules define updates, thereby employing children
nodes (in our example C'T.cond) and statically computed continuations (CT.TT
and CT.FT in our above example). In the remainder of this paper, we show how
the semantics of SSA representations can be specified with ASMs. Furthermore,
we prove the correctness of code generation based on this specification.

4 An ASM Semantics for SSA Representations

In this section, we present an ASM semantics for SSA representations. We first
show how the structure of SSA programs is defined. Then we proceed by defining
the transition rules describing the dynamic behavior of SSA programs.

belongs_to : Operations — BasicBlocks

Predi1, Preda, Preds : Operations — Operations

Preds : Operations — List(Operationsx BasicBlocks)

select : List(OperationsxBasicBlocks) x BasicBlocks — Operations
kind : Operation — {¢, add, AND, read, write, jump, branch}
initial_store : IN — {undef} s. t. Vn € IN.initial _store(n) = undef

Fig. 2. Static Functions

Programs in SSA form are characterized by their basic blocks and by the
connection between them. Each basic block contains ¢ operations, arithmetic
and Boolean operations? as well as memory accesses. Moreover, a jump or branch

2 For sake of simplicity, we only consider the “add” and “AND” operation as repre-
sentatives of arithmetic and Boolean operations.



operation is contained which transfers control flow during computation to the
succeeding basic block. Note that each operation belongs uniquely to one specific
basic block. During computation, the SSA representation itself is not modified.
Hence, we describe the static structure of SSA programs by the static functions
of the ASM. They are listed in figure 2.

The function belongs_to specifies, for each operation op € Operations, to
which basic block b € BasicBlocks it belongs. SSA representations specify ex-
plicitly the data flow of a program. In our formalization, this is expressed with
the functions Pred;, Preds, and Preds. Pred;(op) = op’ means that the result
of op’ is the ith input of operation op, i.e., op’ is the i¢th predecessor of op. For
the evaluation of ¢ nodes, we need to know what their predecessors are and to
which basic blocks they belong. We represent this information by a list of pairs
Preds. Each such pair consists of a predecessor operation and the basic block
to which this predecessor operation belongs. The function select returns, for a
given basic block b, the operation op such that (op,b) is an element of the list
Preds. kind is a function which returns for each operation its name. We specify
memory accesses according to the functional store approach [Ste95]. In particu-
lar, we model the store as a function which maps the natural numbers, i.e. the
potentially infinitely many store cells, into the set of possible values, i.e. (Bool
U Z U {def, undef}). Initially, the content of each cell is undef, represented by
the constant static function initial_store. When executing memory write opera-
tions, this assignment of values might be changed. Hence, in general, arbitrary
functions mapping from IN into (Bool U Z U {def, undef}) represent the value
of memory during computation. In the functional store approach, the result of a
memory write is the updated memory. Hence, the dynamic function value which
assigns operations to their results maps also into this set of functions from IN
into (Bool U Z U {def, undef}), cf. figure 3.

value : Operations — Value U {def, undef} U (Bool U Z U {def, undef })™
init : Bool
current_block, next_block , pred_block : BasicBlocks

Fig. 3. Dynamic Functions

Basic blocks are evaluated by first evaluating the ¢ nodes, by then computing
the arithmetic, Boolean and memory operations, and finally by computing the
successor basic block. The dynamic constant init guides the evaluation of the ¢
nodes. During their evaluation, init is true, afterwards it is set to false. A state
during computation is characterized by the current basic block current_block, by
its predecessor block pred_block, and by its current evaluation phase represented
by the value of init. Figure 3 summarizes the dynamic functions.

Remark: Note that the ¢ nodes of a block must be evaluated before its other
operations. Otherwise, in case that a block is its own predecessor, the evaluation



of a succeeding operation might falsify the result of a delayed ¢ node evaluation.
Initially, the current block is start_block, a distinguished basic block repre-
senting the starting point of computation. Furthermore, there is another distin-
guished basic block start_pred representing the predecessor block of start_block.
Since a program might have input values, we need to represent them in the SSA
form. We do this with the block start_pred which contains constants representing
the program inputs. The initial value

for the successor block is woid since no

successor block has been computed yet.

current_block = start_block Also, no operation has been computed,
pred_block = start_pred hence all their values are set to undef.
next_block = void The dynamic constant function init is
Vop & start_pred.value(op) = undef set to true initially because computation
init = true starts with the evaluation of the ¢ nodes.

Evaluation of a basic block starts

Fig. 4. Initial States with the evaluation of the ¢ nodes, cf.

figure 5. All ¢ nodes are evaluated si-

multaneously, init is set to false, and the values of all other operations in the
current basic block are reset to undef.

if init and current_block # void then
forall op € {op’ | belongs_to(op’) = current_block Akind(op’) = ¢}
do in parallel value(op) = select(Preds(op), Pred(op)) od;
forall op € {op’ | belongs_to(op") = current_block Akind(op’) # ¢}
do in parallel value(op) = undef od;
init := false fi

Fig. 5. Transition Rule for the Evaluation of ¢ nodes

After evaluating the ¢ nodes, init is false, and rules for arithmetic, Boolean,
memory access as well as jump and branch operations might be applied when-
ever their conditions are fulfilled, i.e., whenever their input values are com-
puted. In general, there might be several operations within one basic block which
can be evaluated. This stems from the data-flow driven nature of computations
within SSA basic blocks. The selection among the corresponding updates is non-
deterministic. We formulate these non-deterministic updates with the choose
constructor [Gur95]. In section 5 we show that this non-deterministic definition
is sound in the sense that each evaluation order which fits to the acyclic data
dependencies of SSA basic blocks yields the same result. Note that our notation
“choose Op C {op | some requirements } in P(Operations) Ry endchoose”
in figure 6 (P(S) denotes the powerset of a given set S) is an abbreviation for
the qualified choose construct: “choose vin U satisfying g(v) Ry endchoose”.

The rules for arithmetic and Boolean operations as well as for memory ac-
cesses follow the same schema: If the operation belongs to the current block, if



choose Op C {op | kind(op) € {add, AND, read, write, jump, branch} and
belongs_to(op) = current_block and value(op) = undef and
value(Pred; (op)) # undef and (kind(op) € {add, AND, read, write, branch}
= value(Predz(op)) # undef) and
(kind(op) € {write, branch} = value(Preds(op)) # undef)} in P(Operations)

if op € Op and kind(op) = add and —init then
value(op) := value(Pred1(op)) + value(Pred2(op)) fi

if op € Op and kind(op) = AND and —init then
value(op) := value(Pred1(op)) A value(Predz(op)) fi

if op € Op and kind(op) = read and —init then
value(op) := value(Predq(op))(value(Predz2(op))) fi

if op € Op and kind(op) = write and —init then
value(op) := value(Predq(op))[value(Pred1(op))(value(Predz(op))) :=
value(Preds(op))] fi

if kind(op) = jump and —init then
next_block := Pred,(Op); value(op) := def fi

if kind(op) = branch and —init
then if value(Predi(op)) then next_block := Preds(op)
else next_block := Preds(op) fi; value(op) := def fi

endchoose

Fig. 6. Transition Rule for Arithmetic, Boolean, Memory, Jump, Branch Operations

its predecessor operations are evaluated, if the ¢ nodes of the current block are
evaluated (—init), and if the operation itself has not yet been evaluated, then the
operation can be evaluated. Memory access operations are specified according
to the functional store approach [Ste95]. Thereby, memory is itself treated as a
global variable. Each write operation modifies the store and, hence, the value
of this global variable. In SSA representations, modifications of variable values
lead to duplications of that variable, i.e. to different copies, cf. also section 2.
In case of the memory write operation, the result is a “new” memory which is
identical with the old one except for the point which has been written by the
write operation. In figure 6, the transitions for read and write operations are
given. The read operation has two predecessor operations. The first gives the
memory, the second the address to be read. The write operation has an addi-
tional predecessor, the value to be written to the address indicated by the second
predecessor. Result of the read operation is the value stored in memory at the
indicated address, result of the write operation is the updated memory.

if {op | belongs_to(op) = current_block and value(op) = undef } = () then
pred_block := current_block; current_block := next_block; init := true fi

Fig. 7. Transition Rule for Block Transition



Jump and branch operations can also be evaluated if they belong to the
current block and if the evaluation of the ¢ nodes has been completed (—init),
even if there are other unevaluated operations (arithmetic, Boolean, memory
read/write) in the basic block. The corresponding transition rules are also stated
in figure 6. They set the value of the dynamic constant next_block. The transition
to the succeeding basic block itself takes place by executing another transition
rule, namely the one specified in figure 7. Its condition states that all operations
must have been evaluated before transition to the next block can be done.

In summary, semantics of SSA representations can be described directly with
ASMs. The imperative, state-based part is captured by transition rules which
transfer control flow from one basic block to its successor block and by the
distinction between the init phase which evaluates the ¢ nodes of the current
block and the succeeding —init phase which computes the remaining operations.
This evaluation of the remaining operations is purely data-driven. It is captured
very elegantly by non-deterministic transition rules such that at a given point
during computation, more than one possible set of updates might be applicable.

5 Proof of Correctness for Code Generation in Compilers

Code generation in compilers transforms the intermediate representation into
a sequence of machine instructions. When using SSA as intermediate form, one
has to cope with imperative control flow between basic blocks as well as with the
purely data-driven evaluation of operations within basic blocks. In contrast, the
machine language is purely imperative because one instruction is executed after
the other. To ensure correctness of machine code generation, one needs to prove
that the semantics of the SSA representation is the same as the semantics of the
generated machine code. For this proof, we need a formal semantics of the target
machine language which we specify with ASMs in subsection 5.1. Typically, code
generation is divided into code selection, instruction scheduling, and register
allocation. To be able to concentrate on the essentials of the correctness proof,
we consider a relatively simple code generation algorithm in subsection 5.2, prove
its correctness in subsection 5.3, and discuss possible extensions in 5.4.

5.1 ASM Semantics for the Machine Language

We consider the machine language with the instructions summarized in table 1.
Each instruction ¢ may have a label I: “I : ¢”. For simplicity, we assume that
the machine can use arbitrarily many registers. The semantics of this machine
language is formally specified with the ASM in figure 8. The static functions
NI (next instruction), LI (labelled instruction), T1 (true instruction), and FI
(false instruction) are used to specify the order of instructions in the machine
program. In the sequential case, one instruction is executed after the other.
The function NI maps each instruction to its successor instruction. In case of
JMP operations, the succeeding instruction is the one at the designated label.
The function LI maps each JMP operation to this successor instruction. In



case of a BRN operation, we distinguish between the label in the positive and
negative case, specified with the functions TT and FI. TI (FI) maps the current
instruction to the instruction at label 11 (12). The dynamic functions reg_table
and Memory map registers and memory addresses to their current content which
is initially undef. The transition rules in figure 8 specify the dynamic semantics
of the machine language. Thereby, the dynamic constant curr_instr serves as a
pointer to the current instruction which is to be executed. In the initial states,
it is initialized with the first instruction of the machine program.

Operation Informal Semantics

ADD R1, R2, R3 | adds register contents of R1, R2 and writes result in R3

AND R1, R2, R3 | computes conjunction of contents of R1, R2 and writes
result in R3

READ R1,R2 writes memory content at address stored in R1 into R2

WRITE R1, R2 writes value of R2 at address stored in R1

CP R1, R2 copies value of R1 into R2

JMP 1 jumps to instruction with label 1

BRN R1, 11, 12 branches to instruction with label 11 if content of R1 # 0,
otherwise to instruction with label 12

NOP does nothing

Table 1. Machine Language

if kind(curr_instr) = ADD then
reg_table(R3) := reg_table(R1) 4 reg_table(R2); curr_instr := curr_instr.NI fi
if kind(curr_instr) = AND then
reg_table(R3) := reg_table(R1) A reg_table(R2); curr_instr := curr_instr.NI fi
if kind(curr_instr) = READ then
reg_table(R2) := Memory(reg_-table(R1)); curr_instr := curr_instr.NI fi
if kind(curr_instr) = WRITE then
Memory (reg_table(R1)) := reg_table(R2); curr_instr := curr_instr.NI fi
if kind(curr_instr) = CP then
reg_table(R2) := reg_table(R1); curr_instr := curr_instr.NI fi
if kind(curr_instr) = JMP then curr_instr := curr_instr.LI fi
if kind(curr_instr) = BRN then
if reg_value(R1) # 0
then curr_instr := curr_instr.T1
else curr_instr := curr_instr.FI
if kind(curr_instr) = NOP then curr_instr := curr_instr.NI fi

Fig. 8. ASM Semantics for Machine Language



5.2 Basic Code Generation Algorithm

Given an SSA program, machine code is generated in four phases. First, registers
are assigned to the results of arithmetic, Boolean, ¢, and memory operations.
Then ¢ nodes are eliminated. Afterwards, machine code is generated separately
for each basic block. Finally, global code generation unites the generated parts.

Assignment of Registers and Replacement of Operations: First, a fresh
result register is assigned to each arithmetic, Boolean, read, and ¢ operation in
the SSA form. Remember that we assume infinitely many registers. Then, these
operations in the SSA form are replaced by machine instructions in the obvious
way, e.g. add is replaced by ADD. The result of this transformation is a mix be-
tween the original SSA form and the machine language. The program is still in
its SSA structure but its operations are already replaced by machine instructions.

Elimination of ¢ nodes: Then, the ¢ operations are eliminated in the stan-
dard way: If a block b contains the ¢ operation x = ¢(z1,...,z,), then in each
of the n predecessor blocks of b, x; is copied into the same fresh register R:
CP(z;,R), 1 < ¢ < n. Note that the z; denote registers because in the first
phase, we have assigned registers to the results of operations. In total, there are
n such copy operations, and CP(z;, R) is placed in the ith predecessor block of b.
In block b, the ¢ node is replaced by the operation CP(R, R’) for a fresh register
R'. For a given basic block b, the result of this phase is denoted by Ej.

Code Generation for Basic Blocks: Afterwards, the arithmetic, Boolean,
and memory operations within one basic block are arranged in a linear order
which respects the data flow dependencies between them. Since the SSA form
specifies only a partial order on the instructions, there are several valid lineariza-
tions. Each topological order of the acyclic SSA data flow graph is valid.

Problems arise if the SSA form contains memory write operations whose order
is not enforced by the data flow dependencies. For the purpose of this paper, we
assume that the write operations are already in a linear order in the SSA form.
This assumption is natural because it can easily be met when transforming source
programs into SSA form. The source program contains the write operations in a
linear order so that the result memory (in the sense of functional stores) of a write
operation is the input to the succeeding write operation. The read operations use
some results of the write operations. These data flow dependencies determine
the partial order between the read and write operations. Each topologic order
of them is valid.

Concludingly, basic blocks are transformed into machine code by these steps:

1. First, each basic block b gets a unique label [;.

2. Then, the arithmetic, Boolean, memory, and register assignment operations
in a basic block b are sorted topologically into a linear sequence S, of machine
instructions.

3. Afterwards, the jump or branch operation contained in basic block b is re-
placed with a JMP or BRN machine instruction added to the end of Sy.



Thereby the labels LI, TI, and FI are replaced with the labels [ assigned
to the corresponding basic blocks b’ which are denoted with LI, TI, and FI.

4. Finally, the instruction “l, : NOP” is inserted at the beginning of the se-
quence S;, of machine instructions of basic block b.

The complete machine program M), is the concatenation of all sequences Sy for
all basic blocks b in the SSA representation p such that Sgiare_piock comes first.

5.3 Correctness of Basic Code Generation Algorithm

To prove the correctness of the code generation algorithm described in subsection
5.2, we distinguish between local and global correctness. Local orrectness of code
generation means informally that the results computed in a basic block b are the
same, no matter if b is evaluated according to the SSA semantics or if b is first
transformed into machine code S, and then evaluated according to the machine
language semantics. Global correctness means that local correctness holds for all
basic blocks evaluated during execution. In the remainder of this subsection, we
formalize these ideas.

The first step in the code generation algorithm assigns registers to the re-
sults of operations in the SSA form. Since we assume infinitely many registers,
this assignment is described by an injective function reg_assign : Operations —
Registers with the property: op; # opy = reg_assign(op,) # reg_assign(ops,).
Furthermore, the SSA operations are replaced by corresponding machine instruc-
tions, described by the injective function op_assign : {add, AND, read, write,
jump, branch} — {ADD, AND, READ, WRITE, JMP, BRN}.

Definition 1 (Local Correctness). Let b be a basic block of an SSA repre-
sentation, and let S, be the machine code generated from it. b and S} are se-
mantically equivalent if, given that value(op) = reg_table(reg_assign(op_assign
(op))) for all 0p € Uy ¢ preas(p) V> it follows that for all op € b, after evaluation
of b and Ey, value(op) = reg_table(reg_assign(op_assign(op))) holds. o

Definition 2 (Global Correctness). Let p be an SSA representation with
starting block start_block and with start_pred as predecessor block of start_block.
Let M, be the machine program generated from p. p and M, are semantically
equivalent if the following conditions hold:

— wvalue(op) = reg_table(reg_assign(op_assign(op))) holds for all op at the be-
ginning of execution of p and M,,.

— Execution of p starts with start_block, execution of M), starts with Sgart_tiock-

— If the successor of a basic block b is b’, then the successor of S} is Sy . o

To prove code generation locally and globally correct, we need a formal semantics
for the mixed representation still exhibiting the SSA structure but containing
already machine instructions. This is achieved with these modifications of the
original ASM semantics for SSA:



Operations: The SSA operations add, AND, read, write, jump, branch are re-
placed by op_assign(op). E.g. add is replaced by ADD.

The dynamic function value: Throughout the ASM specification, the func-
tion wvalue is replaced by reg_table o reg_assign.

Evaluation of ¢ nodes: The updates of the values of the ¢ nodes are replaced
by the updates caused by the evaluation of the replacing copy operations. In
general, a basic block might contain two kinds of copy operations, the ones
in the beginning which replace the ¢ operations directly, and the ones at the
end which place the input values for ¢ operations in succeeding blocks in
the designated registers. When entering a basic block (i.e. init = true), only
the first kind of copy operations is to be evaluated. Hence, we modify the
transition rule of figure 5 as follows:

if init and current_block # void then
forall op € {op’ | belongs_to(op’') = current_block A kind(op’) = CP
A kind(Predy(op)) = CP}
do in parallel value(op) = select(Preds(op), Pred(op)) od;
forall op € {op’ | belongs_to(op’) = current_block A (kind(op’) # CP V
kind(op’) = CP A kind(Pred;(op)) # CP)}
do in parallel value(op) = undef od;

Lemma 3 (¢ Node Elimination). Let b be an SSA basic block, E the corre-
sponding transformed basic block in the mixed SSA/machine representation, and
value(op) = reg-table(reg-assign(op-assign (op))) for all op € Uy cpreasp) V-
Then value(op) = reg_table(reg_assign(op_assign(op))) holds for all op € b after
evaluation of b and Ey. o

Proof. The proof is by induction. Therefore the operations in b and Ej are par-
titioned into classes: The first class C , of b contains the ¢ operations of b, the
first class C1 g, of Ey the corresponding CP operations. Given the first 1,...,%
classes, the 7 + 1st is defined as follows: It contains all those operations which
can be evaluated if the values of the operations in the classes 1,...,4 are known.
Because a basic block in SSA form is an acyclic graph, there exists a smallest ny,
such that all operations in b are uniquely partitioned into n; classes. b and Ej
are structurally nearly isomorphic: Each operation in b corresponds directly with
an operation in Ej. Additionally, E}, has some copy operations at the end which
place input values for ¢ operations in succeeding blocks in a special register.
These copy operations at the end are placed in the class Cj 41,5, -

Base Case: Let op be a ¢ operation in C; ;. Assume that op_assign(op) =
CP R/, R. By assumption of lemma 3, the predecessors of op have the same values
as the predecessors of op_assign(op). The predecessor operations of op_assign(op)
in predecessor block Ej are operations CP Ry, R’ which all copy a value in the
same register R'. The content of R’ is assigned to register R by op_assign(op).
This is the same value as one would get when executing the ¢ operation op in
the original SSA form. Since all ¢ nodes and their substituting register copy
operations are executed simultaneously, there is no interference between them.



Since all their input values exist, we conclude for all op € Cyy, value(op) =
reg _table(reg_assign(op_assign(op))) holds after execution of the corresponding
transition rule in the original SSA and the modified SSA semantics.

Induction Case: For each class C;; and its correspondent C; g,, 2 < i < n,
it follows directly that value(op) = reg_table(reg_assign(op-assign(op))) holds
for all op € C; after execution of the corresponding transition rules: There is
always only one transition rule for each operation, and the value of the operation
depends only on its input values which have been determined uniquely in the
classes of operations evaluated before. Hence, we conclude for all op € Cj,
that value(op) = reg_table(reg_assign(op_assign(op))) holds after execution of
the corresponding transition rule in the original SSA and the modified SSA
semantics by using the induction assumption that for all op € Ulgjgi—l Cips
value(op) = reg_table(reg_assign(op_assign (op))) which completes the proof.
Note that for the operations in C),11,5,, the input values are copied to the
output values and serve as inputs of the ¢ operations in the succeeding block.
Their purpose has been discussed already in the base case. |

Lemma4 (Local Correctness). Let b be an SSA basic block and Sy the cor-
responding machine code. Then b and Sy are semantically equivalent. o

Proof. Lemma 4 follows directly from lemma 3: The instructions in S; are the
same as the instructions in £j. The linear order on the instructions in Sy contains
the partial order on the instructions in Ej, i.e., an instruction is only executed
in the schedule of S;, if its operand values have been computed before. |

Theorem 5 (Global Code Generation). Letp be an SSA representation with
starting block start_block and with start_pred as predecessor block of start_block.
Let M, be the machine program generated from p. Then p and M, are semanti-
cally equivalent. o

Proof. We need to show that the three conditions of definition 2 are fulfilled.
The first holds trivially because in the SSA semantics as well as in the machine
semantics, all results of operation and values of registers, resp., are initialized
with undef, except for the values of operations and registers in start_pred and
Sstart_prea Which are initialized with the input values of the program. The second
condition follows in case of the SSA program directly from the ASM semantics
for SSA because current_block = start_block holds in the initial states. In case of
the machine semantics, it follows from the fact that M, starts with Ssiare_piock
and that execution starts with the first instruction.

A simple induction argument shows that the third condition holds for all
basic blocks b and S executed during the run of p and M)y, resp.
Base Case: After execution of start_block and Ssiart_piock, value(op) = reg_table
(reg-assign(op_assign(op))) holds for all op € start_block (because of lemma 4),
and hence for all op in p because execution of start_block does not modify opera-
tions op & start_block. From the SSA and machine semantics, it follows directly
that if the succeeding block in the execution of p is ¥’, then the succeeding block



in the execution of M, is Sy . This holds because of the transition rule in figure
7, the algorithm for generating code for connecting basic blocks with JMP/BRN
instructions using the labels LI, TT and FI, and the fact that the results of the
branch and BRN as well as of the jump and JMP operations denote correspond-
ing basic blocks in p and M,,.

Induction Case: Repeat the reasoning in the base case, thereby replacing
start_block with an arbitrary current block b and Ssiart_piock With Sp. |

5.4 Discussion of Correctness Proof

The above correctness proof relates the SSA semantics which is partly non-
deterministic with the strictly deterministic semantics of the machine language.
Since the SSA semantics puts only a partial order on the operations in a given
basic block, several valid linear orders are possible. Our proof shows that each of
them is correct if one cares only about block-wise execution and is not interested
in the intermediate states reached whenever only a subset of the operations in a
basic block has been executed. In this sense, the machine language and the code
generation algorithm that we have chosen in this paper, even though being sim-
ple, capture the essential problems when proving code generation correct. More
advanced code selection algorithms might condense several succeeding opera-
tions in basic blocks into single complex machine instructions. This can easily
be integrated into our correctness proof because the connection between the
overall result of the corresponding subgraph in the SSA block and the result
of the complex machine instruction can easily be established. Also code gen-
eration for VLIW (very long instruction word) processors can be integrated.
In VLIW instructions, several data-independent instructions are executed si-
multaneously. Since SSA representations explicitly show the data dependencies,
candidates for VLIW instructions can easily be identified. (SSA operations are
data-independent if there is no directed path between them.) Hence, our cor-
rectness proof demonstrates the suitability of the stated ASM semantics for
SSA representations and might serve as basis for further correctness proofs of
more sophisticated optimizing code generation algorithms. Note that in such
optimizing code generation algorithms, it might be necessary to undermine the
concept, of basic blocks by moving instructions from one basic block to another.
Nevertheless, basic blocks are an inherent concept of SSA form and as such, they
are part of our formal ASM semantics.

6 Related Work

ASMs have been used for the formal specification of many programming lan-
guages, cf. the detailed discussion in section 3. In [ZDO03] a specification for
the non-deterministic evaluation of expressions based on ASMs has been given
which is similar to our specification for the non-deterministic data flow within
basic blocks. Moreover, ASMs have been used successfully in proving the cor-
rectness of compilations, e.g. the correctness of compiling Prolog to the WAM



[BRO4], the correctness of translating Occam to transputer code [BD96] and in
the Verifix project which deals with the construction of provably correct com-
pilers [ZG97, DV01, DvHVGO02, GZ99]. While all these compilations are refining
transformations, no systematic method is known for proving the correctness of
optimizing compilers. In this paper, we have given a necessary prerequisite for
such proofs, namely a formal semantics for SSA representations as well as a
relatively simple correctness proof for machine code generation extendable to
capture also non-refining optimizing transformations.

7 Conclusions

In this paper, we have stated a formal semantics for SSA representations in
a simple and elegant way based on ASMs. We have described the state-based
imperative part of SSA computations by transition rules which transfer control
flow from the current to the succeeding basic block. Furthermore we have spec-
ified the purely data flow driven computation within basic blocks by transition
rules which are non-deterministic in the sense that during the evaluation of a
basic block more than one set of updates might be applicable. Each specification
should demonstrate its usefulness in order to not become an end in itself. We
have provided such a demonstration of usefulness by showing that our specifica-
tion can serve as basis in proofs of correctness for machine code generation.

In future work, we want to prove the correctness of more elaborate code gen-
eration algorithms. In particular, we want to extend the machine language to
include very long instruction words (VLIW), predicated instructions and spec-
ulative execution. This also implies that the code generation algorithm be ex-
tended to generate machine code optimized for such instruction sets. Moreover,
we want to drop the assumption that there are infinitely many registers by
considering optimizing register allocation algorithms as well. Furthermore, we
also want to prove the correctness of data flow analyses and corresponding ma-
chine independent optimizations of SSA representations. These are optimizations
which transform a given SSA form into a semantically equivalent SSA form, e.g.
by eliminating dead code or common subexpressions. For all these correctness
proofs, the formal SSA semantics and the correctness proof stated in this paper
are supposed to serve as basis, as already discussed in subsection 5.4. For many
of these optimizations, it is necessary to move instructions between basic blocks.
Such transformations will need more sophisticated proof techniques since then, it
is harder to identify corresponding states in the original and optimized program.
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